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Abstract
A numerical algorithm, based on the Galerkin 7nite element method and the enthalpy formulation, is de-
veloped for solving the coupled turbulent &uid &ow and heat transfer problem in a domain with a moving
phase-change boundary. The governing equations consist of the continuity equation, the Navier–Stokes equa-
tions, the energy equation and the modi7ed K– equations. The formulation of the method is cast into the
framework of the Bubnov–Galerkin 7nite element method. A numerical study shows that the developed nu-
merical algorithm is stable and capable of capturing the rapid change of temperature and velocity near the
phase-change boundary.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
In this paper, we consider a coupled turbulent &ow and heat transfer problem arising from the
study of the continuous steel casting process. Fig. 1 shows the essential feature of the continuous
casting process. Molten steel is poured from a tundish through a submerged entry nozzle into a
water-cooled mould, where intense cooling causes a thin solidi7ed steel shell to form around the
edge of the steel. The solidi7ed steel shell with a liquid pool in the center is then continuously
extracted from the bottom of the mould at a constant speed. The product is supported by a set of
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Fig. 1. The continuous casting process.
rollers, after leaving the mould, cooled down by water sprays and then subsequently cooled through
radiation. When the completely solidi7ed casting has attained the desired length, it is cut oF with a
cutter.
The process involves many complex phenomena such as formation of oscillation marks, heat
transfer with a moving phase-change boundary and turbulent &ow in the mould. The understanding
and control of heat transfer and &uid &ow is essential for the success of the process. Improper rate
of heat extraction from the steel may lead to surface cracks and break-outs of molten steel from
the bottom of moulds [22]. The &ow 7eld of &uid aFects the distribution of inclusion particles and
of entrained slag particles which can signi7cantly in&uence the quality of products. Over the last
few decades, intensive studies have been carried out to model various aspects of the process, in
particular the &ux &ow [11,26], the heat transfer and molten steel &ow [1–3,6,10,14,15,18,31]. Initial
attempts are mainly on heat transfer modeling, but recent work includes both turbulent &uid &ow
and heat transfer modeling. Most of these models use a velocity 7eld pre-determined by solving the
momentum equations independently. Various commercial &uid dynamic packages such as FIDAP
[29] and SIMPLE [5] have also been used for the analysis of heat &ow and solidi7cation in the
casting process.
In spite of extensive modeling studies on &uid &ow and heat transfer in the upper region of
continuous casting systems, little work has been done to solve the strongly coupled problem of
turbulent &uid &ow and heat transfer with solidi7cation and to address the techniques for dealing
with rapid change of temperature and &uid velocity near the boundary layer. In this work, we focus
on this aspect and develop a fully coupled heat transfer—turbulent &ow model based on an enthalpy
formulation. The mathematical models for the solidi7cation process and the turbulence phenomena
are presented, respectively, in Sections 2 and 3. In Section 4, the numerical algorithm is presented
and some numerical results are given in Section 5.
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2. Heat transfer-solidication model
To simulate the process of heat transfer with phase change, a single domain enthalpy method is
used. The enthalpy of the material is de7ned as the sum of sensible heat h= cT and latent heat H ,
namely
Ht = h+ H: (1)
The latent heat H in general can be expressed as
H = f(T )L; (2)
where L is the latent heat of steel and f(T ) is the local liquid fraction with value one represent-
ing liquid state and zero for solid state. The liquid fraction generally is a nonlinear function of
temperature T but for simplicity, it is approximated here by the following linear function:
f(T ) =


0; T6Ts;
T − Ts
TL − Ts ; Ts¡T ¡TL;
1; T¿TL;
(3)
where TL and Ts are, respectively, the melting temperature and solidi7cation temperature of steel.
From the principle of energy conservation, we have the following equation for the region under-
going a phase change:

(
9Ht
9t + ujHt; j
)
= (k0T;j); j ; (4)
where we have used and will continue to use the suNx notation with repeated literal index repre-
senting summation over the index range and (:); j denoting diFerentiation with respect to xj [28], uj
represents the velocity component of &uid in the xj direction,  and k0 are, respectively, the density
and molecular thermal conductivity of steel. Now on using the de7nition for the enthalpy Ht, we
have
c
(
9T
9t + ujT;j
)
= (k0T;j); j − ST ; (5)
with the source term ST representing the rate of change of the volumetric latent heat given by
ST = 
(
9H
9t + ujH;j
)
: (6)
Obviously, ST = 0 everywhere except in the region where phase change occurs. Now with Eq.
(5), there is no need to consider the solidi7ed region and the liquid region separately and there
are no conditions to be satis7ed at the phase-change boundary. The equation can be applied to
all the regions including the solid region, the mushy region and the liquid region. Thus, the heat
transfer-phase change problem can be solved by using a single domain approach.
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3. Turbulence model
The in&uence of turbulence on the transport of momentum and energy is modeled by the addition
of the turbulent viscosity t to the laminar viscosity 0 and the turbulent conductivity kt = ct=t to
the molecular conductivity k0, yielding the eFective viscosity  and the eFective thermal conductivity
k given by
 = 0 +  t ; k = k0 +
c t
t
; (7)
where t is the turbulent Prandtl number [1,13,20]. Thus, the uni7ed 7eld equations governing the
multiphase heat transfer and &uid &ow with turbulence, for all the regions with or without phase
change, are as follows
ui; i = 0; (8)

(
9ui
9t + ujui; j
)
+ p;i − ((ui; j + uj; i)); j = Fi(ui; xi; t); (9)
c
(
9T
9t + ujT;j
)
= (kT;j); j − ST ; (10)
where Darcy’s law for porous media [1,25] has been used for modeling the &ow in the mushy region
and Fi(ui; xi; t) is thus determined by
Fi(ui; xi; t) = C
[1− f(T )]2
f(T )3
(ui − Ui); (11)
in which U = (0; U2) denotes the downward velocity of the solidi7ed steel shell.
Eqs. (8)–(10) do not constitute a closed system as both  and k are related to an unknown
function t. Various models, such as the mixing-length-type model, the one-equation model and the
two-equation (K–) model, have been proposed for calculating t. Ferziger [9] and Launder [20],
based on a critical review, suggested that the simple mixing-length-type model is suitable for most
boundary-layer-type &ows in the absence of recirculation; the one-equation model can be used to
model simple recirculation &ows; while for more complex &ow 7elds, the two-equation model should
be used. As the &ow 7eld in the continuous casting mould is complex with circulation, we use the
two-equation (K–) model for calculating  t.
With the standard K– model, the turbulent viscosity t is determined [9,21] by
t =
CK2

; (12)
where C is suggested to be 0.09, the turbulent kinetic energy K and its dissipation rate  are
determined by

(
9K
9t + ujK;j
)
−
(
t
K
K;j
)
; j
=−t
t
gjT;j +  tG − ; (13)

(
9
9t + uj; j
)
−
(
t

; j
)
; j
= C1(1− C3) tKt gjT;j + C1

K
tG − C2 
2
K
; (14)
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where G = 2ijij with ij = (ui; j + uj; i)=2. The constants involved in Eqs. (7)–(14) are empirical
constants. Extensive examination of turbulent &ows has resulted in a recommended set of values for
these constants [21], namely t = 0:9, k = 1,  = 1:25, C = 0:09, C1 = 1:44, C2 = 1:92, C3 = 0:8.
It has been well established that the above standard K– model is applicable only to the highly
turbulent region (far-wall region) and cannot be applied to the near-wall region where viscous eFects
become dominant. In the modelling of the continuous casting process, due to the phase change, the
computational region typically includes three diFerent sub-regions including the solidi7ed steel region,
the mushy region and the molten steel region. Obviously, the standard K– model is only applicable
to the region far from the solidi7ed steel layer. Thus, in order to have a uni7ed model applicable to
all the three regions, some modi7cations to the standard K– model are needed. Through intensive
research over the last few decades, various techniques have been proposed for modelling &ows
near solid boundary such as the wall function approach and the low-Reynolds number K– model
[4,7,16,17,19,23,25]. In the continuous steel casting, the boundary of the solidi7ed steel shell is not
known a priori, thus the wall-function technique is not applicable to the problem. We therefore use
the low-Reynolds number K– model to accommodate the region with relatively low local turbulent
Reynolds number, in which some damping functions are added into the standard K– equations to
reduce the eFect of turbulence across the viscous sub-layers. Firstly, based on the work in [19,24],
the constant C is modi7ed to
C = 0:09f; (15)
where f represents the generalized damping mechanism of turbulent transport in both the liquid
and mushy regions and is determined [27] by
f =
√
f(T )exp(−3:4=(1 + Rt=50)2); (16)
where f(T ) is the liquid fraction as de7ned before in (3), Rt denotes the local turbulent Reynolds
number de7ned by
Rt =
K2

: (17)
To ensure that all the terms in Eqs. (13) and (14) will not tend to in7nity as K approaches zero
in the near-wall region, the last term of the right-hand side of Eq. (14) is multiplied by a damping
function f de7ned by
f = 1− Ae−R2t ; (18)
where A is a constant and is chosen as one if K ¡ 10−4 or otherwise A=0:3 [16,17]. By choosing
A = 1 in (18), the new term C2f2=K in (14) approaches zero as K becomes small.
4. Numerical algorithm
For two-dimensional problems, Eqs. (7)–(14) can be manipulated to yield a closed system of six
partial diFerential equations in terms of six coordinate and time-dependent unknown functions (u1, u2,
p, T , K and ). The system, once supplemented by the initial and boundary conditions, can be solved
numerically to yield the velocity and temperature 7elds and to determine the phase-change boundary.
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In this work, the boundary conditions considered for each 7eld variable include the Dirichlet type
and the Neumann/Robin type, i.e.,
q= Pq; on 9!q;
9q
9n = g(q); on 9!q2 ;
where 9! = 9!q ∪ 9!q2 denotes the boundary of the computation domain !, q refers to u1, u2, p,
T , K and .
To solve the problem, 7rstly, the penalty function method [12] is used to weaken the continuity
requirement (8) by the following equation:
uj; j =−#p; (19)
where # is a small positive number. The eFect of the penalization is simply to relax the incom-
pressibility condition (8). For more details on the mathematical aspect of the method, the reader
is referred to [8,12]. Thus, the pressure variable can be eliminated from the system, overcoming
the diNculty associated with proper imposition of the pressure boundary condition. Hence, we end
up with a system of 7ve partial diFerential equations in terms of 7ve unknown functions u1, u2,
T , K and . To develop the variational statement for the boundary value problem, we consider the
following integral representation of the problem.
Find u1, u2, T , K and ∈H 1(!) such that for all test functions w1 ∈H 1ou1(!), w2 ∈H 1ou2(!),
wT ∈H 1oT (!), wK ∈H 1oK(!) and w ∈H 10(!), all the Dirichlet boundary conditions for the unknown
functions are satis7ed and(
9ui
9t ; w
i
)
+ (ujui; j; wi)−
((


(ui; j + uj; i)
)
; j
; wi
)
−
(
1
#
uj; ji; wi
)
=
(
1

Fi; wi
)
;
(
9T
9t ; w
T
)
+ (ujT;j; wT )−
((
k
c
T;j
)
; j
; wT
)
=−1
c
{(
9H
9t ; w
T
)
+ (ujH;j; wT )
}
;
(
9K
9t ; w
K
)
+ (ujK;j; wK)−
((
t
K
K;j
)
; j
; wK
)
=−
(
t
t
gjT;j − t G + ; w
K
)
;
(
9
9t ; w

)
+ (uj; j; w)−
((
t

; j
)
; j
; w
)
=
(
C1(1− C3) tKt gjT;j + C1
t
K
G − C2f 
2
K
; w
)
; (20)
where (·; ·) denotes the inner product on the square integrable function space L2(!), H 1(!) is the
Sobolev space W 1;2(!) with norm ‖ · ‖1;2;!, H 10q(!) = {v∈H 1(!) | v = 0 on 9!q}. A standard
procedure is then carried out to reduce the second-order derivatives involved in the above problem
into the 7rst-order ones using integration by parts. For example, by using integration by parts and
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the Neumann/Robin-type boundary condition, we have((


ui; j
)
; j
; wi
)
=−
(


ui; j; wi; j
)
+
(


g(ui); wi
)
B
; (21)
where (·; ·)B denotes the inner product on L2(9!ui2). Through this process, all second-order derivatives
in (20) are reduced to 7rst-order ones ensuring that all integrals involved are well de7ned.
To 7nd the numerical solution of the problem, we pose the variational problem into an N -dimension
subspace. The computation domain ! is discretized into a 7nite number of elements connected by
N nodes. Let U, T, K and E denote respectively the global vectors with each ith entry representing
the value of the corresponding unknown function at the ith node of the 7nite element mesh. Then,
by using the Galerkin 7nite element formulation, we obtain the following sets of ordinary diFerential
equations:
MuU˙ + AuU = F;
M T˙+ ATT=M ′H˙ + A′H + Fb;
M K˙ + AKK = FK ;
M E˙+ AE= F; (22)
where the superposed dot represents diFerentiation with respect to time and all coeNcient matrices
are global matrices assembled from element matrices. Matrices Mu, M and M ′ correspond to the
transient terms, matrices Au, AT , A′, AK and A correspond to the advection and diFusion terms,
and vector Fb are due to heat-&ow at the boundary, vector F provides forcing functions for the
Navier–Stokes equations, and vectors FK and F are, respectively, due to K-production dissipation
and -production dissipation. To keep details to minimum, formulae for calculation of the global
coeNcient matrices and vectors are not given here.
Using the backward Euler diFerentiation scheme for a typical time step (tn → tn+1), we have from
system (22) that(
Mu
Rtn
+ Au
)
Un+1 = Fn+1 +
Mu
Rtn
Un;
(
M
Rtn
+ AT
)
Tn+1 = Fbn+1 +
M ′
Rtn
(MTn −M ′Hn) +
(
M ′
Rtn
+ A′
)
Hn+1;
(
M
Rtn
+ AK
)
Kn+1 = FKn+1 +
M
Rtn
Kn;
(
M
Rtn
+ A
)
En+1 = Fn+1 +
M
Rtn
En; (23)
which are nonlinear, because Au, AT , AK , A, Fn+1, Fbn+1 , FKn+1 , Fn+1 and Hn+1 all depend on Un+1,
Tn+1, Kn+1 and En+1 to be solved. In the present work, all these quantities except for Hn+1 are
frozen at values of Un;Tn;Kn and En corresponding to the previous time step, while for Hn+1 we
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have a nonlinearity to deal with. One way of treating this highly nonlinear discontinuous source
term for an iterative solution of (23) would be to use the iterative update(
Mu
Rtn
+ Au
)
Ui+1n+1 = F
i
n+1 +
Mu
Rtn
Un;
(
M
Rtn
+ AT
)
Ti+1n+1 = F
i
bn+1 +
1
Rtn
(MTn −M ′Hn) +
(
M ′
Rtn
+ A′
)
Hin+1;(
M
Rtn
+ AK
)
Ki+1n+1 = F
i
Kn+1 +
M
Rtn
Kn;
(
M
Rtn
+ A
)
Ei+1n+1 = F
i
n+1 +
M
Rtn
En: (24)
where the superscript i indicates evaluation at the ith iteration step. However, numerical experiments
show that this iterative scheme is not reliable especially when the diFerence between the solidi7cation
temperature and the liquid temperature is small [31]. This is because, during the iterations, the
temperature near the solidi7cation interface may oscillate and convergence will not be achieved. To
overcome this kind of problems, several alternative schemes have been proposed [30,31]. In the
present study, the relaxation scheme developed from our previous work for multiphase heat transfer
problems is generalized to solve the current problem. For more details of the scheme, the reader is
referred to the reference [31]. The algorithm for 7nding Un+1, Tn+1, Kn+1 and En+1 for (23) is thus
as follows.
Set T0n+1 = Tn; (H)
0
n+1 = (H)n,
For i = 0; 1; 2; : : :
Calculate
+= (H)in+1 + c
{
Tin+1 −
[
TL − TS
L
(H)in+1 + TS
]}
(H)i+1n+1 =


L; if +¿L
+; 0¡+¡L
0; +6 0:
Calculate Ti+1n+1 by solving (24)2 with (H)
i
n+1 replaced by (H)
i+1
n+1.
Repeat the above two steps until ‖Ti+1n+1 − Tin+1‖¡ Tolerance, where ‖:‖ is the Euclidean norm.
For i = 0; 1; 2; : : :
Calculate Ui+1n+1 by solving (24)1
Repeat the above step until ‖Ui+1n+1 −Uin+1‖¡ Tolerance.
For i = 0; 1; 2; : : :
Calculate Ki+1n+1 and E
i+1
n+1 by solving (24)3;4
Repeat the above steps until ‖Ki+1n+1 − Kin+1‖¡ Tolerance and ‖Ei+1n+1 − Ein+1‖¡ Tolerance.
By repeatedly using the above procedure for n = 0; 1; 2; : : : ; we can determine the state (Un;Tn,
Kn;En) of the system at t0, t1, t2; : : : . If the norms ‖Tn+1 − Tn‖, ‖Un+1 − Un‖, ‖Kn+1 − Kn‖ and
‖En+1 − En‖ are all suNciently small, then the system approaches the so-called steady state.
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5. Numerical results
A test example is given here to demonstrate the validity of the mathematical model. The example
under consideration is a slab caster, with a mould width of 1750 mm, a narrow-face width of 236 mm
and a depth of 800 mm. The submergence depth of an entry nozzle is 230 mm, the nozzle ports
are rectangular with a height of 76 mm and a width of 54 mm. The port angle is 15◦ downward.
Other system parameters are as follows. The molten steel delivery velocity Uin = 1:08244 m=s, the
melting temperature of steel TL = 1525◦C, solidi7cation temperature TS = 1465◦C, temperature of
cooling water T∞=20◦C, external temperature Texit=100◦C, density of steel =7800 kg=m3, laminar
viscosity 0 =0:001 Pa s, speci7c heat c=465 J=kg◦C, thermal conductivity of steel k0 =35 W=m◦C,
latent heat L = 2:72 × 105 J=kg, surface heat transfer coeNcient h∞ = 1079:45 W=m2◦C, emissivity
of solid steel $ = 0:4, Stefan–Boltzmann constant  = 5:66 × 10−8 W=m2K4, morphology constant
C=1:8×106 m−2, casting speed U2=0:02167 m=s. The molten steel has 5◦C of super-heat above the
melting temperature. The delivery turbulent kinetic energy and its dissipation rate are, respectively,
0.0502 and 0:457 m2=s3.
Fig. 2(a) shows the velocity vectors in the upper part of the solution domain. The &ow pattern
shows that there exist two circulation zones in the top part of the casting. The &ow become parallel
further downstream. Fig. 2(b) shows the temperature distribution in the 7rst 3 m below the meniscus.
The temperature pro7les clearly outline the path of the hot steel and show how the &uid carries heat
with it.
Distribution of the turbulence quantities K and  are shown in Fig. 3. The values of K and  are
very high near the nozzle opening. Close to the solid boundary, the level of turbulence approaches
zero. Values of turbulent kinetic energy and its dissipation rate rapidly decrease in the circulation
region and then reach the smallest level in the solidi7ed steel shell.
Fig. 4 shows the distribution of temperature 7eld in the computational region. It indicates that
temperature drops very fast near the strand surface.
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Fig. 2. Velocity and temperature pro7le (a) velocity vectors (m/s); (b) temperature contours (◦C).
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Fig. 3. Contour plot of (a) turbulent kinetic energy K(m2=s2) and (b) dissipation rate  (m2=s3).
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Fig. 4. Temperature distribution in the computational region.
Fig. 5 shows comparison of the temperature pro7les at the bottom of the mould obtained by
models with turbulence eFect and with no turbulence eFect. It is noted that the temperature pro7les
at the bottom of the mould obtained by the model with turbulence eFect is slightly lower than that
with no turbulence eFect.
Fig. 6 shows the comparison of temperature contours in the 7rst 3 m below the meniscus obtained
by the models with and without turbulence eFect. It is noted that the average temperature from the
model with turbulence eFect is lower than that with no turbulence eFect in this region.
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Fig. 5. Comparison of temperature pro7les at the bottom of the mould obtained by models with turbulence eFect (solid
line) and with no turbulence eFect (dotted line).
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Fig. 6. Comparison of temperature pro7les in the 7rst 3 m below meniscus obtained by models with turbulence eFect and
with no turbulence eFect.
6. Conclusions
A sophisticated mathematical model for simulating the turbulent &ow of molten steel in a domain
with a moving phase-change boundary has been constructed utilizing a modi7ed K– turbulence
model and a single domain enthalpy approach. The model is used to study the continuous casting
process and the results show that the model is capable of capturing the rapid change of tempera-
ture and velocity near the thermal boundary layer. It should be addressed here that the continuous
steel casting process is an extremely complex process and there are still many unsolved modelling
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problems. The presented work focuses only on one of the sub-problems of the process. Further work
could be carried out to incorporate the &ux &ow into the model.
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